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ON THE PERIPHERAL POINT SPECTRUM AND THE
ASYMPTOTIC BEHAVIOR OF IRREDUCIBLE SEMIGROUPS OF
HARRIS OPERATORS
MORITZ GERLACH
Abstract. Given a positive, irreducible and bounded C0-semigroup on a Ba-
nach lattice with order continuous norm, we prove that the peripheral point
spectrum of its generator is trivial whenever one of its operators dominates
a non-trivial compact or kernel operator. For a discrete semigroup, i.e. for
powers of a single operator T , we show that the point spectrum of some power
T k intersects the unit circle at most in 1.
As a consequence, we obtain a sufficient condition for strong convergence
of the C0-semigroup and for a subsequence of the powers of T , respectively.
1. Introduction
E. B. Davies proved in [9] that σp(A)∩iR ⊆ {0} if A is the generator of a positive
and contractive semigroup on ℓp for some 1 ≤ p < ∞. This result was generalized
by V. Keicher in [14] to positive, bounded and strongly continuous semigroups on
atomic Banach lattices with order continuous norm. A further generalization to
(w)-solvable semigroups on super-atomic Banach lattices was found by M. Wolff
[19].
Independently, G. Greiner observed in [13, Thm. 3.2 and Kor. 3.11] that σp(A)∩
iR ⊆ {0} for the generator A of a positive, contractive and strongly continuous
semigroup on Lp(Ω, µ), 1 ≤ p < ∞, if the semigroup contains a kernel operator.
This covers in particular the atomic case because every regular operator on an order
complete atomic Banach lattice is a kernel operator. Greiner’s result is also in the
center of a survey article by W. Arendt [4] that includes a generalization to Abel
bounded semigroups.
Under the assumption that the semigroup is irreducible, we generalize Greiner’s
result in the present article in two respects. First, we consider general Banach
lattices with order continuous norm instead of Lp and secondly, we merely assume
that one operator of the semigroup dominates a non-trivial compact operator. Un-
der suitable assumptions, the latter holds in particular if the semigroups contains
a Harris operator, i.e. one operator dominates a non-trivial kernel operator. More
precisely, we prove the following theorem in Section 3.
Theorem. Let E be a Banach lattice with order continuous norm and let T =
(T (t))t∈[0,∞) be a positive, irreducible, bounded and strongly continuous semigroup
on E with generator A. Assume that there exists t0 > 0 such that T (t0) ≥ K > 0
where K is a compact or a kernel operator. Then σp(A) ∩ iR ⊆ {0}.
This result remains true for semigroups of Harris operators which are merely
Abel bounded, see Proposition 3.2.
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We also consider discrete semigroups by which we mean a family T = (T n)n∈N0
for some bounded operator T . If T is positive, irreducible and power bounded such
that Tm dominates a non-trivial compact or kernel operator for some m ∈ N, then
σp(T
n) ∩ Γ ⊆ {1}
for some n ∈ N where Γ denotes the unit circle. This result, presented as The-
orem 3.4, is optimal in the sense that, under these assumptions, one can neither
expect σp(T ) ∩ Γ ⊆ {1} for the point spectrum of T nor σ(T n) ∩ Γ ⊆ {1} for the
spectrum of some operator T n, see Examples 3.3 and 3.6.
One important application of the above-mentioned results lies in the analysis of
the asymptotic behavior of a semigroup. Greiner deduced from his result that a
positive and contractive strongly continuous semigroup on Lp converges strongly
to an equilibrium if it admits a strictly positive fixed point and contains a kernel
operator [13, Kor. 3.11]. See also [4, Thm. 4.2] for a proof in the irreducible case.
In Section 4, we generalize this to bounded and irreducible semigroups of Harris
operators on Banach lattices with order continuous norm.
In addition, we obtain an analogous result for discrete semigroups in Theorem 4.3.
If T is a positive, power bounded and irreducible Harris operator with non-trivial
fixed space, then there exists some k ∈ N such that the subsequence T nk converges
strongly as n tends to infinity. If T is even strongly positive, i.e. Tx is a quasi-
interior point of E+ for all x > 0, we show that the whole sequence T
n converges
strongly.
The main tools for our study of the asymptotic behavior are a so-called zero-two
law by G. Greiner [13, Thm. 3.7] and a result by D. Axmann [7, Satz 3.5] on dis-
jointness of powers of an irreducible operator. In order to improve the accessibility
of both results we present their proofs in the appendices.
2. Notation and Tools
Let us fix some notation and recall some well-known facts from the theory of
Banach lattices and positive operators. The reader is referred to [16] for a more
detailed introduction.
Throughout, E denotes a (real) Banach lattice with order continuous norm. We
write E+ for the positive cone of E and x > 0 for an element x ∈ E+ different from
zero. For y ∈ E+ we denote by
Ey := {x ∈ E : |x| ≤ cy for some c > 0} =
⋃
c≥0
[−cy, cy]
the principal ideal generated by y. If Ey is dense in E, then y is called a quasi-
interior point of E+. We say that a positive functional x
′ ∈ E′ is strictly positive
if 〈x′, |x|〉 > 0 for all x 6= 0. By Fix(T ) := ker(I − T ) we denote the fixed space of
a linear operator T : E → E.
2.1. Positive Discrete and Strongly Continuous Semigroups. For a conve-
nient simultaneous dealing with discrete and strongly continuous semigroups we
use the following definition.
Definition 2.1. Let R = N0 or R = [0,∞). A family T = (T (t))t∈R of bounded
linear operators on E is called a semigroup on E if T (t+s) = T (t)T (s) for all t, s ∈
R. A semigroup T = (T (t))t∈[0,∞) is called strongly continuous if the mappings
t 7→ T (t)x are continuous for all x ∈ E. A semigroup T = (T (t))t∈N0 is said to be
discrete.
A semigroup T is called positive if T (t) is positive for all t ∈ R and it is called
bounded if supt∈R ‖T (t)‖ <∞.
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Given a semigroup T = (T (t))t∈R, a subset A ⊆ E is said to be T -invariant
if T (t)A ⊆ A for all t ∈ R. The semigroup T is called irreducible if there are no
closed T -invariant ideals in E beside {0} and E. By
Fix(T ) :=
⋂
t∈R
ker(I − T (t))
we denote the fixed space of a semigroup T .
It will be convenient to call a single operator T irreducible (power bounded) if
the discrete semigroup (T n)n∈N0 is irreducible (bounded).
By EC we denote the complexification of E, which is called a complex Banach
lattice (see [16, Sec. 2.2]), and by TC : EC → EC the complexification of a linear
operator T . If T = (T (t))t∈[0,∞) is a strongly continuous semigroup on E with
generator A, then so is TC = (T (t)C)t∈[0,∞) with generator AC.
We recall that a strongly continuous semigroup with generator A is called Abel
bounded if Reλ ≤ 0 for all λ ∈ σ(AC) and supλ>0 ‖λ(λ − AC)−1‖ <∞. A discrete
semigroup T = (T n)n∈N0 is called Abel bounded if |λ| ≤ 1 for all λ ∈ σ(TC) and
supλ>1 ‖(λ− 1)(λ− TC)−1‖ <∞.
Lemma 2.2. Let T = (T (t))t∈R be a positive and Abel bounded semigroup on E
which is strongly continuous or discrete. Assume that T (t)z ≥ z for some z ∈ E,
z > 0, and all t ∈ R. Then there exists 0 < x′ ∈ Fix(T ′).
If in addition T is irreducible, x′ is strictly positive and z is a quasi-interior
point of E+ with Fix(T ) = span{z}.
Proof. The existence of 0 < x′ ∈ Fix(T ′) follows from [17, Lem. V 4.8] in the dis-
crete case and from the proof of [6, Prop. 4.3.6] for a strongly continuous semigroup,
respectively.
Now, assume that T is irreducible. Since the absolute null ideal
N(x′) := {x ∈ E : 〈x′, |x|〉 = 0} 6= E
is closed and T -invariant, it follows that N(x′) = {0}, i.e. x′ is strictly positive.
Thus, 〈x′, T (t)z − z〉 = 0 for all t ∈ R implies that z ∈ Fix(T ). By the same
argument, we observe that T (t)|x| = |x| for all t ∈ R and x ∈ Fix(T ), i.e. Fix(T )
is a sublattice of E.
Let x ∈ Fix(T ). Then x+ := x ∨ 0 ∈ Fix(T ) and x− := x − x+ ∈ Fix(T )
and the principal ideals generated by x+ and x− are T -invariant and disjoint. The
irreducibility of T implies that either x+ is a quasi-interior point of E+ and x
− = 0
or vice versa. Consequently, Fix(T ) is totally ordered and hence one-dimensional
by [17, Prop. II 3.4], i.e. Fix(T ) = span{z}. 
Next, we note a consequence of the well-known mean ergodic theorem.
Lemma 2.3. Let T : E → E be a positive and Abel bounded linear operator. If
there exists a quasi-interior point e ∈ Fix(T ) of E+, then T is mean ergodic, i.e.
E = Fix(T )⊕ (I − T )E.
Proof. For n ∈ N and x ∈ E let C(n)x := 1
n
∑n−1
k=0 T
kx denote the Cesàro
averages of T . It is well-known that the Abel boundedness of T implies that
M := supn∈N‖C(n)‖ <∞, see [10, 1.5]. Hence,∥∥∥∥T
n
n
∥∥∥∥ ≤ 2
∥∥∥∥ T
n
n+ 1
∥∥∥∥ ≤ 2‖C(n+ 1)‖ ≤ 2M
for all n ∈ N. Now, it follows from lim 1
n
T nx = 0 for all x ∈ Ee that lim 1nT nx = 0
for all x ∈ E.
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Due to the order continuity of the norm on E, for every c > 0 the C(n)-invariant
order interval [−ce, ce] is σ(E,E′)-compact, see [16, Thm. 2.4.2]. Thus, the se-
quence (C(n)x) has a weak cluster point for every x ∈ Ee and the mean ergodic
theorem [15, §2 Thm. 1.1] yields that limC(n)x exists for all x ∈ Ee. Consequently,
by the uniform boundedness of the operators C(n), limC(n)x exists for all x ∈ E.
The desired ergodic decomposition E = Fix(T ) ⊕ (I − T )E now follows from [15,
§2 Thm. 1.3]. 
We will use the following version of the famous splitting theorem by Jacobs, de
Leeuw and Glicksberg. Let Lσ(E) denote the space of all bounded linear operator
on E endowed with the weak operator topology.
Theorem 2.4 (Jacobs – de Leeuw – Glicksberg). Let T = (T (t))t∈R be a positive
and bounded semigroup on E and denote by S the closure of {T (t) : t ∈ R} in
Lσ(E). If there exists a quasi-interior point e ∈ Fix(T ) of E+, then S contains
a positive projection Q commuting with every operator in S such that the closed
subspace F := QE includes Fix(T ) and QS := {QT : T ∈ S } ⊆ S is a norm
bounded group of positive operators with neutral element Q.
If in addition T is irreducible, Q is strictly positive in the sense that Qy > 0 for
all y > 0.
Proof. It follows from the uniform boundedness principle that the closure of a norm
bounded set in Lσ(E) is bounded in norm, again. Moreover, the operators of S
are positive and they commute since T is Abelian.
Now, let x ∈ Ee, i.e. x ∈ [−ce, ce] for some c > 0. Then {T (t)x : t ∈ R} is a
subset of [−ce, ce] and hence, by the order continuity of the norm [16, Thm. 2.4.2],
relatively weakly compact. Since Ee is dense in E, {T (t) : t ∈ R} is relatively
compact in Lσ(E) [11, Cor. A 5]. Now, it follows from [15, §2 Thm 4.1] that there
exists a (positive) projection Q ∈ S that commutes with every operator in S and
QS is a (bounded) group with neutral element Q. Since Q is in the Lσ(E)-closure
of T , one has that Fix(T ) ⊆ Fix(Q) ⊆ F .
If in addition T is irreducible, then Q is strictly positive because the closed ideal
N(Q) := {y ∈ E : Q|y| = 0}
is T -invariant and distinct from E. 
2.2. Atoms. We recall that an element a ∈ E+ is said to be an atom (of E) if the
generated ideal
Ea := {x ∈ E : |x| ≤ ca for some c > 0}
is one-dimensional. If E contains no atoms, E is said to be diffuse.
Remark 2.5. Let a ∈ E+ be an atom and T : E → E be positive. Then clearly
TEa ⊆ ETa. If in addition T is invertible with a positive inverse, i.e. T is a lattice
isomorphism, then
ETa = TT
−1ETa ⊆ TET−1Ta = TEa = span{Ta}.
Hence, every lattice isomorphism on E maps atoms to atoms.
The lemma below is a more general formulation of [14, Prop. 3.5], followed by
an analogous assertion in the discrete case.
Lemma 2.6. Let T = (T (t))t∈R be a positive and bounded strongly continuous
group on E, i.e. T is a uniformly bounded family of positive linear operators on
E such that T (0) = I, T (t)T (s) = T (t + s) for all t, s ∈ R, and the mappings
t 7→ T (t)x are continuous from R to E for every x ∈ E. Then Fix(T ) contains
every atom of E.
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Proof. Since T is a group, every operator T (t) is a lattice isomorphism and hence
maps atoms to atoms by Remark 2.5. Fix an atom a ∈ E+. Then for every disjoint
atom b ∈ E+ one has that |a− b| = a+ b and hence ‖a− b‖ ≥ ‖a‖. Thus, it follows
from limt→0 T (t)a = a that T (t)a ∈ Ea for all t ∈ R. Therefore, T (t)a = exp(λt)a
for a λ ∈ R and all t ∈ R by the semigroup law. Since the group T is bounded, we
conclude that λ = 0 and hence a ∈ Fix(T ). 
Lemma 2.7. Suppose that E has atoms and let T be an irreducible lattice isomor-
phism on E such that
sup{‖T k‖ : k ∈ Z} <∞.(2.1)
Then there exists n ∈ N such that T n = I.
Proof. Let a ∈ E+ be an atom. The ideal
J := {x ∈ E : |x| ≤ c(a+ Ta+ · · ·+ Tma) for some c ≥ 0, m ∈ N}
is T -invariant and hence J = E. Since the norm on E is order continuous, J equals
J⊥⊥, the band generated by J . Thus, for every x > 0 we find some n ∈ N0 such
that x ∧ T na > 0. In particular, T−1a ∧ T n−1a > 0 for some n ∈ N. As T−1
maps atoms to atoms by Remark 2.5, this implies that T n−1a = cT−1a for some
c > 0 and T na = ca. Now, it follows from assumption (2.1) that c = 1. Therefore,
T ka ∈ Fix(T n) for all k ∈ N0. Since every T ka is an atom, we conclude that
E = J = span{a, Ta, . . . , T n−1a} ⊆ Fix(T n),
which completes the proof. 
2.3. Kernel and Harris Operators. First, we recall that a linear operator T :
E → E is called regular if it is the difference of two positive operators. Every
regular operator is bounded [16, Prop. 1.3.5] and admits a modulus. Moreover,
since E is order complete, the regular operators on E form a Banach lattice with
respect to the regular norm ‖T ‖r := ‖|T ‖‖ [16, Prop. 1.3.6].
We denote by E′ ⊗ E the space of all finite rank operators on E. The elements
of (E′ ⊗E)⊥⊥, the band generated by E′ ⊗E in the space of all regular operators,
are called (regular) kernel operators. A regular operator T on E is called a Harris
operator if T n 6∈ (E′ ⊗ E)⊥ for some n ∈ N.
Note that a positive operator is a Harris operator if and only if some power
dominates a non-trivial kernel operator. In the case where E = Lp, the band
(E′ ⊗ E)⊥⊥ consists precisely of those operators given by a measurable kernel (see
[17, Prop. IV 9.8] or [16, Thm. 3.3.7]).
The following well-known lemma states that the kernel operators form an algebra
ideal in the regular operators.
Lemma 2.8. Let K be a kernel operator. Then KT ∈ (E′ ⊗ E)⊥⊥ and TK ∈
(E′ ⊗ E)⊥⊥ for every regular operator T .
Proof. We may assume that K,T ≥ 0. Denote by J the (lattice) ideal of regular
operators generated by E′ ⊗ E and let A := [0,K] ∩ J . Then K = supA by [16,
Prop. 1.2.6] and
Kx = sup{Ax : A ∈ A } (x ∈ E+),
since A is upwards directed. Now, consider the directed set A T := {AT : A ∈ A }.
As every operator of A is dominated by a finite rank operator, so is every AT , i.e.
A T ⊆ J . Now, it follows from
KTx = sup{ATx : A ∈ A } (x ∈ E+)
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that KT = supA T and hence KT ∈ (E′ ⊗E)⊥⊥. By a similar argument, using in
addition the fact that T is order continuous because of the order continuity of the
norm, one observes that TK ∈ (E′ ⊗ E)⊥⊥. 
The following lemma shows that under certain conditions some power of a Harris
operator always dominates a non-trivial compact operator.
Lemma 2.9. Let T : E → E be a positive and power bounded Harris operator such
that Fix(T ) contains a quasi-interior point of E+ and that there exists a strictly
positive element in Fix(T ′). Then T n ≥ C > 0 for some n ∈ N and some compact
operator C.
Proof. After replacing T with a suitable power Tm, we may assume that T ≥ K > 0
for some kernel operator K : E → E. Let S := T −K. Since the kernel operators
form an algebra ideal, see Proposition 2.8, Kn := T
n − Sn ∈ (E′ ⊗ E)⊥⊥ for all
n ∈ N.
Let e ∈ Fix(T ) be a quasi-interior point of E+ and x′ ∈ Fix(T ′) be strictly
positive. It follows from e = Te = Ke+ Se > Se that Sn+1e ≤ Sne for all n ∈ N.
By the order continuity of the norm, u := limn→∞ Sne ∈ Fix(S) exists and satisfies
0 ≤ u < e. Since x′ is strictly positive, we infer from Tu = Ku + Su ≥ u and
〈x′, Tu− u〉 = 0 that u ∈ Fix(T ). Hence, v := e− u > 0 is a fixed point of T and
limSnv = 0. As the operators Kn are uniformly bounded, it follows from
Knv = T
nv − Snv → v (n→∞)
that limK2nv = v. In particular, K
2
m 6= 0 for a suitable m ∈ N large enough.
It follows from [16, Prop. 1.2.6] that Km = sup([0,Km]∩J) where J is the ideal
generated by E′ ⊗ E. Thus, there exists a (bounded) sequence (Ck) ⊆ [0,Km] ∩ J
such that limCkx = Kmx for x ∈ {v,Kmv}. Since every Ck is dominated by a finite
rank operator, C2k is compact for every k ∈ N by [16, Cor. 3.7.15]. We conclude
from
‖C2kv −K2mv‖ ≤ ‖Ck(Ckv −Kmv)‖ + ‖(Ck −Km)Kmv‖
that limC2kv = K
2
mv 6= 0. Therefore, 0 < C2k ≤ K2m ≤ T 2m for a suitable k ∈ N. 
Arendt proved in [2, Kor. 1.26] that compact operators are disjoint from lattice
isomorphisms on a diffuse and order complete Banach lattice. This is an essential
tool for our spectral analysis in Section 3. In order to be more self-contained, we
give a proof of this result for a Banach lattice with order continuous norm.
Theorem 2.10. Let V,K : E → E be positive operators on a diffuse Banach lattice
E with order continuous norm. If V is a lattice isomorphism and K is compact,
then V ∧K = 0.
Proof. First, we show that S := I ∧K = 0. Aiming for a contradiction, we assume
that Sx > 0 for some x ∈ E+. Since E is Archimedean, we find some c > 0 such
that w := cSx− x is not negative, i.e. it has a non-trivial positive part. Denote by
P the band projection onto {w+}⊥⊥, the band generated by w+. Then
0 < w+ = Pw = P (cSx− x) = cPSx− Px.
It follows easily from S ≤ I that S is an orthomorphism, i.e. it commutes with
every band projection. Thus, SPx > 0 and hence Px > 0. Since E is diffuse,
we are able to construct a sequence (xn) ⊆ E of pairwise disjoint elements, each
satisfying 0 < xn < Px, by applying [16, Lem. 2.7.12] inductively. Let Pn be the
band projection onto {xn}⊥⊥ and define un := Pnx/‖Pnx‖. As the orthomorphism
S is dominated by the compact operator K, S itself is compact by [1, Thm. 16.21].
Hence, after passing to a subsequence, (Sun) converges to some y ∈ E. By the order
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continuity of the norm, the disjoint and order bounded sequence (Pny) converges
to zero [16, Thm. 2.4.2]. Now, it follows from
‖Pnx‖un = Pnx = PnPx ≤ cPnSPx = cPnSx = c‖Pnx‖Sun
for all n ∈ N that
Pny = lim
m→∞PnSum ≤ limm→∞PnScSum = cSPny
and hence
‖un‖ ≤ c‖PnSun‖ ≤ c‖PnSun − Pny‖+ c‖Pny‖ ≤ c‖Sun − y‖+ c2‖SPny‖.
for all n ∈ N. The right-hand side tends to zero, which is a contradiction to
‖un‖ = 1. Hence, S = I ∧K = 0.
In order to complete the proof, we recall that the mapping T 7→ TV is a lattice
homomorphism on the lattice of all regular operators on E, see [1, Thm. 7.4].
Therefore, V ∧ K = (I ∧ KV −1)V and hence vanishes by the first part of the
proof since KV −1 is compact. 
3. Triviality of the Peripheral Point Spectrum
In this section we give the proofs of our main results, which are inspired by [4,
Thm. 3.1]. There, the semigroup is assumed to contain a kernel operator, which is
a less general hypothesis than ours.
Again, let E be a Banach lattice with order continuous norm.
Theorem 3.1. Let T = (T (t))t∈[0,∞) be a positive, irreducible and bounded strongly
continuous semigroup with generator A. If there exists t0 > 0 such that T (t0) ≥
K > 0 where K is a compact or a kernel operator, then σp(AC) ∩ iR ⊆ {0}.
Proof. Let α ∈ R such that iα ∈ σp(AC) ∩ iR. Then T (t)Cz = exp(iαt)z for some
z ∈ EC\{0}. Since 0 < |z| = |T (t)Cz| ≤ T (t)|z| for all t ≥ 0, by Lemma 2.2
there exists a strictly positive ϕ ∈ Fix(T ′) and Fix(T ) = span{e}, where e := |z|
is a quasi-interior point of E+. In view of Lemma 2.9, we may now assume that
T (t0) ≥ K > 0 for a compact operator K.
Denote by S the closure of {T (t) : t ≥ 0} in Lσ(E), the bounded linear operators
on E endowed with the weak operator topology. Then, by Theorem 2.4, S contains
a strictly positive projection Q commuting with every operator in S such that
Fix(T ) ⊆ F := QE and that QS := {QS : S ∈ S } ⊆ S is norm bounded group
of positive operators with neutral element Q. Hence, the restriction of the elements
of S to F defines a group of lattice isomorphisms.
If x ∈ F , then |x| = |Qx| ≤ Q|x| and since ϕ is also a strictly positive fixed
point of Q′, it follows that 〈ϕ,Q|x| − |x|〉 = 0 and hence Q|x| = |x|. Thus, F is
a closed sublattice of E and hence a Banach lattice. Moreover, the norm on F is
order continuous because every monotone order bounded sequence in F converges
(see [16, Thm. 2.4.2]).
SinceQ is strictly positive and the quasi-interior point e belongs to F , QK|F e > 0.
Thus, T (t0)|F = QT (t0)|F dominates the non-trivial compact operator QK|F . If
F were diffuse, compact operators would be disjoint from lattice isomorphisms by
Theorem 2.10. Thus, there exists at least one atom a ∈ F . Since a ∈ Fix(T ) =
span{e} by Lemma 2.6, we obtain that e is an atom of F and consequently,
F = Fe = span{e} = Fix(T ).
It remains to check that z ∈ FC = QCEC. Then z ∈ Fix(TC) and therefore α = 0.
Let w ∈ (EC)′ such that |〈T (t)Cz, w〉| = 〈z, w〉 = ‖z‖ > 0. Since QC is in the
closure of TC in Lσ(EC), there exists t ≥ 0 such that
|〈T (t)Cz −QCz, w〉| < ‖z‖.
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This implies that
|〈QCz, w〉| ≥ |〈T (t)Cz, w〉| − |〈T (t)Cz −QCz, w〉| > 0
and hence QCz 6= 0. Now, choose w ∈ (EC)′ vanishing on z and let ε > 0. Again,
there exists t ≥ 0 such that
|〈T (t)Cz −QCz, w〉| < ε
which implies that
|〈QCz, w〉| ≤ |〈T (t)Cz −QCz, w〉|+ |〈T (t)Cz, w〉| < ε.
Since ε > 0 was arbitrary, 〈QCz, w〉 = 0. Thus, QCz ∈ span{z} and consequently
QCz = z ∈ FC because QC is a projection. 
As we will see next, this result remains true for Abel bounded semigroups of
Harris operators.
Proposition 3.2. Let T = (T (t))t∈[0,∞) be a positive, irreducible and Abel bounded
strongly continuous semigroup with generator A. If T (t0) is a Harris operator for
some t0 > 0, then σp(AC) ∩ iR ⊆ {0}.
Proof. Assume that T (t)Cz = exp(iαt)z for some z ∈ EC\{0}, α ∈ R and all
t ≥ 0. Since |z| ≤ T (t)|z| for all t ≥ 0, it follows from Lemma 2.2 that there
exists a strictly positive linear form ϕ ∈ Fix(T ′). Now, we endow E with the order
continuous lattice norm
‖x‖ϕ := 〈ϕ, |x|〉 (x ∈ E).
Let (F, ‖·‖F ) be the completion of (E, ‖·‖ϕ), i.e. the closure of E in the bidual
(E, ‖ ·‖ϕ)′′. Then T uniquely extends to a positive strongly continuous contraction
semigroup T˜ = (T˜ (t))t∈[0,∞) on F .
We show that T˜ is irreducible. Let J˜ be a closed and T˜ -invariant ideal in
(F, ‖·‖F ). Then J := J˜ ∩E is a closed and T -invariant ideal in (E, ‖·‖) and hence
J = {0} or J = E. Since ϕ is order continuous, E is an ideal in F by [17, Lem.
IV 9.3]. This implies that J˜ is the closure of J in F and hence either J˜ = {0} or
J˜ = F . Thus, T˜ is irreducible.
Next, we verify that T˜ (t0) is a Harris operator. To simplify notation, we assume
that T := T (t0) 6∈ (E′⊗E)⊥; otherwise we replace t0 with nt0 for a suitable n ∈ N.
Hence, there exist w′ ∈ E′, w ∈ E and z ∈ E+ such that (T ∧ |w′ ⊗ w|)z > 0. In
view of Nakano’s carrier theorem [16, Thm. 1.4.11], the strictly positive ϕ is a weak
order unit of E′. Since
|w′| ⊗ |w| = sup
m∈N
((mϕ ∧ |w′|)⊗ |w|) = sup
m∈N
((mϕ⊗ |w|) ∧ (|w′| ⊗ |w|)),
one has that
0 < T ∧ |w′ ⊗ w| = T ∧ (|w′| ⊗ |w|)
= T ∧ sup{(mϕ⊗ |w|) ∧ (|w′| ⊗ |w|) : m ∈ N}
= sup{T ∧ (mϕ⊗ |w|) ∧ (|w′| ⊗ |w|) : m ∈ N}.
Hence, m(T ∧(ϕ⊗|w|)) ≥ T ∧(mϕ⊗|w|) > 0 for some m ∈ N. Since the extensions
ϕ˜⊗ |w| and T˜ leave the ideal E invariant, we conclude that
(T˜ ∧ (ϕ˜⊗ |w|))z = inf
F
{T˜ (z − y) + ϕ˜(y)|w| : y ∈ F, 0 ≤ y ≤ z}
= inf
E
{T (z − y) + ϕ(y)|w| : y ∈ E, 0 ≤ y ≤ z}
= (T ∧ (ϕ⊗ |w|))z > 0.
This shows that T˜ = T˜ (t0) 6∈ (F ′ ⊗ F )⊥.
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Finally, we conclude from Theorem 3.1 that σp(AC) ∩ iR ⊆ σp(A˜C) ∩ iR ⊆ {0}
where A˜ is the generator of T˜ . 
We continue with a consideration of discrete semigroups, i.e. powers of a single
operator. Let Γ := {z ∈ C : |z| = 1} denote the unit circle. The following
simple example shows that one cannot expect that σp(TC) ∩ Γ ⊆ {1} in analogy to
Theorem 3.1.
Example 3.3. On E = R2, consider the matrix
T :=
(
0 1
1 0
)
(3.1)
Then T is a positive, irreducible, contractive and compact operator but −1 ∈
σp(TC).
However, the following theorem states that the point spectrum of some power of
TC is trivial.
Theorem 3.4. Let T : E → E be a positive, irreducible and power bounded op-
erator. If there exists m ∈ N such that Tm ≥ K > 0 for a compact or a kernel
operator K, then σp(T
n
C
) ∩ Γ ⊆ {1} for some n ∈ N.
Proof. If σp(TC)∩Γ = ∅, then the assertion follows for n = 1. Thus, we may assume
that there exists α ∈ R and z ∈ EC such that z 6= 0 and TCz = exp(iα)z. Since
0 < |z| = | exp(inα)z| = |T nCz| ≤ T n|z| (n ∈ N),
Lemma 2.2 applied to the discrete semigroup T := (T n)n∈N0 yields that there
exists a strictly positive ϕ ∈ Fix(T ′) and Fix(T ) = span{e}, where e := |z| is
a quasi-interior point of E+. In view of Lemma 2.9, we may now assume that
Tm ≥ K > 0 for a compact operator K.
As in the proof of Theorem 3.1, we conclude from Theorem 2.4 that there ex-
ists a strictly positive projection Q : E → E commuting with T and having the
following properties: Its range F := QE is a closed sublattice of E with order con-
tinuous norm and includes Fix(T ). Moreover, the restriction of T to F is a lattice
isomorphism with sup{‖T k|F‖ : k ∈ Z} <∞. On the other hand, Tm|F dominates the
non-trivial compact operator QK|F and it follows from Theorem 2.10 that F is not
diffuse.
Next, we show that T|F is irreducible. Let J ⊆ F be a closed and T -invariant
ideal with corresponding band projection P : F → J and let e′ := Pe. Since
Te′ ∈ J , we observe that
Te′ = TPe = PTPe ≤ PTe = Pe = e′.
Now, it follows from 〈ϕ, e′ − Te′〉 = 0 that e′ ∈ Fix(T ) = span{e} because ϕ is
strictly positive. Hence, e′ = 0 or e′ = e which implies that either J = {0} or
J = F .
Now, we conclude from Lemma 2.7, applied to the restriction of T to F , that
there exists some n ∈ N such that F ⊆ Fix(T n). Let exp(iβ) ∈ σp(T nC ) and denote
by ξ1, . . . , ξn the nth roots of exp(iβ), i.e. (ξk)
n = exp(iβ) for all 1 ≤ k ≤ n. Then
we infer from
exp(iβ)− T nC = (ξ1 − TC)(ξ2 − TC) . . . (ξn − TC)
that ξk ∈ σp(TC) for at least one 1 ≤ k ≤ n. Pick y ∈ EC\{0} such that TCy = ξky.
Now, we observe that y ∈ FC = QCEC by the same arguments as in the proof of
Theorem 3.1. Indeed, since QC is in the closure of TC = (T
k
C
)k∈N0 in Lσ(EC), for
w ∈ (EC)′ satisfying 〈w, y〉 = ‖y‖ we find some j ∈ N0 such that
|〈T j
C
y −QCy, w〉| < ‖y‖.
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As |〈T j
C
y, w〉| = |ξjk〈y, w〉| = ‖y‖, it follows that |〈QCy, w〉| > 0 and hence QCy 6= 0.
On the other hand, for every w ∈ (EC)′ vanishing on y and for every ε > 0 there
exists j ∈ N0 such that |〈T jCy − QCy, w〉| < ε and hence |〈QCy, w〉| < ε. Thus,
QCy ∈ span{y} which implies that QCy = y ∈ FC since QC is a projection.
Altogether, we proved that
y = T nC y = ξ
n
k y = exp(iβ)y
and hence exp(iβ) = 1. 
Remark 3.5. (a) The assertion of Theorem 3.4 remains true for every positive, ir-
reducible and Abel bounded Harris operator T : E → E. This can be proven
analogously to Proposition 3.2.
(b) It is well known that σp(TC) ∩ Γ ⊆ {1} for every power bounded operator
T : E → E which is strongly positive, i.e. Tx is a quasi-interior point of E+
for all x > 0, c.f. [17, Prop. V 5.6]. This can also be obtained from the proof
of Theorem 3.4 by observing that such an operator T is irreducible and its
restriction to F is again strongly positive and therefore no lattice isomorphism
unless F contains atoms.
(c) The assumption T being irreducible cannot be dropped in Theorem 3.1 (and
Theorem 3.4). Indeed, let (T1(t))t∈[0,∞) be a positive and bounded strongly
continuous semigroup on E such that T1(t0) ≥ K > 0 for some compact op-
erator K and some t0 > 0. Now, let (T2(t))t∈[0,∞) be another positive and
bounded strongly continuous semigroup on E such that iα is an eigenvalue of
its generator for some α 6= 0. Then T (t) := T1(t)⊕ T2(t) defines a positive and
bounded strongly continuous semigroup on E ⊕ E where T (t0) dominates the
compact operator K ⊕ 0 but iα is an eigenvalue of its generator.
(d) If A is the generator of a bounded and positive strongly continuous semigroup
T = (T (t))t∈[0,∞) such that T (t0) is compact for some t0 > 0, it is easy to see
that σ(AC) ∩ iR ⊆ {0}. Indeed, in this case T is eventually norm continuous
[11, Lem. II 4.22] and hence σ(AC)∩iR is bounded [11, Thm. II 4.18]. Since the
boundary spectrum is cyclic by [12, Thm. 2.4], it follows that σ(AC)∩iR ⊆ {0}.
It is natural to ask if even σ(T n
C
) ∩ Γ is trivial for some n ∈ N under the
assumptions of Theorem 3.4. The following example shows that this is not the
case.
Example 3.6. Fix 1 < p < ∞ and let E := ℓp. We construct a positive and
irreducible contraction T on E such that σp(TC) = ∅ and σ(T nC ) ∩ Γ = Γ for all
n ∈ N. Since E is atomic, T is automatically a kernel operator and hence satisfies
the assumptions of Theorem 3.4.
Let (bn) ⊆ [0, 1] be a decreasing sequence with
∏∞
n=1(1 − bn) = 12 and let
0 ≤ an ≤ 1− (1− bn)p be small enough such that
∑∞
n=1 an ≤ 1. For x = (xn) ∈ ℓp
we define
Tx :=
( ∞∑
n=1
anxn, (1 − b1)x1, (1− b2)x2, (1− b3)x3, . . .
)
.
If x ≥ 0, then it follows from Jensen’s inequality that
‖Tx‖p =
( ∞∑
n=1
anxn
)p
+
∞∑
n=1
(1 − bn)pxpn ≤
∞∑
n=1
anx
p
n +
∞∑
n=1
(1− bn)pxpn ≤ ‖x‖p
which shows that T is a contraction.
It is well-known that the complexification of E equals ℓp(C), the p-summable
sequences in C. Now, assume that there is λ ∈ σp(TC) and denote by z = (zn) ∈ EC,
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z 6= 0, a corresponding eigenvector. Since TC is injective and contractive, 0 < |λ| ≤ 1
and it follows by induction that
zn+1 =
1
λn
(1− b1)(1− b2) . . . (1− bn)z1
for all n ∈ N. Hence, z is not a null sequence. This is impossible and therefore
σp(TC) = ∅.
In order to calculate the peripheral spectrum of TC, we first point out that the
discrete semigroup (T n
C
)n∈N0 is not strongly stable. Indeed, for e1 = (1, 0, 0, . . . )
we have that
‖T ne1‖ ≥
n∏
k=1
(1− bk) ≥ 1
2
for all n ∈ N. Thus, it follows from the characterization of strong stability by
Arendt, Batty, Lyubich and Vu˜ [5, Thm. 5.1] that σ(TC)∩ Γ is uncountable. Since
σ(TC) ∩ Γ is cyclic [17, Thm. V 4.9], it is dense in Γ and hence σ(TC) ∩ Γ = Γ. By
factorizing λ−T n
C
as in the proof of Theorem 3.4 one observes that also σ(T n
C
)∩Γ = Γ
for all n ∈ N.
4. Strong Convergence of the Semigroup
The asymptotic behavior of a bounded strongly continuous semigroup T =
(T (t))t∈[0,∞) on a complex Banach spaceX is highly related to the peripheral (point)
spectrum of its generatorA. If, for instance, T is known to be asymptotically almost
periodic, i.e. X = X0 ⊕XAP where
X0 := {x ∈ X : lim
t→∞
‖T (t)x‖ = 0}
and
XAP := span{x ∈ D(A) : Ax = iαx for some α ∈ R},
then σp(A) ∩ iR ⊆ {0} already implies that limt→∞ T (t)x exists for all x ∈ X .
This is the case if the generator A has compact resolvent [6, Prop. 5.4.7] or if the
peripheral spectrum σ(A)∩ iR is countable and T is totally ergodic [6, Thm. 5.5.5].
In the following, we prove a convergence result for semigroups of Harris operators
with a non-trivial fixed space by adjusting techniques developed by Greiner to
arbitrary operator semigroups that might by discrete or strongly continuous. Our
main tool is Greiner’s zero-two law, see Theorem A.1 in the appendix.
Again, let E be a Banach lattice with order continuous norm. We start with the
following proposition, a generalized version of [13, Kor. 3.9], that yields sufficient
conditions for strong convergence of a semigroup.
Proposition 4.1. Let T = (T (t))t∈R be a positive, bounded and irreducible semi-
group on E which is strongly continuous or discrete such that Fix(T (t)) = Fix(T ) 6=
{0} for all t ∈ R and assume that there are r, s ∈ R, r > s, such that T (r)∧T (s) > 0.
Then
lim
t→∞
T (t)x = 〈x′, x〉e (x ∈ E)
for some strictly positive x′ ∈ Fix(T ′) and a quasi-interior point e ∈ Fix(T ) of
E+.
Proof. By Lemma 2.2, there exists a strictly positive x′ ∈ Fix(T ′) and a quasi-
interior point e of E+ with Fix(T ) = span{e}. We may assume that 〈x′, e〉 = 1.
By assumption,
E2 := {y ∈ E : (T (t) ∧ T (t+ τ))|y| = 0 for all t ≥ 0} 6= E
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for τ := r − s. Since T is irreducible, it follows from Greiner’s zero-two law,
Theorem A.1, that E2 = {0} and
lim
t→∞
|T (t)− T (t+ τ)|e = 0.
Hence,
|T (t)(I − T (τ))y| ≤ |T (t)− T (t+ τ)|e→ 0 (t→∞)
for all y ∈ [−e, e], i.e. lim T (t)z = 0 for all z ∈ D := (I −T (τ))[−e, e]. As D is total
in (I − T (τ))E and T is bounded, limt→∞ T (t)x = 0 for all x ∈ (I − T (τ))E. By
Lemma 2.3, T (τ) is mean ergodic, i.e.
E = Fix(T (τ)) ⊕ (I − T (τ))E.
Since Fix(T (τ)) = span{e}, the corresponding mean ergodic projection is given by
x′ ⊗ e which completes the proof. 
It seems to be rather technical to assume that two operators T (r) and T (s) are
disjoint. However, by Theorem B.2 due to Axmann, this holds if the semigroup
contains an irreducible Harris operator. This leads us to the following theorems,
our main results in this section.
Theorem 4.2. Let T = (T (t))t∈[0,∞) be a positive, bounded, irreducible and
strongly continuous semigroup on E with generator A such that Fix(T ) 6= {0}.
If T (t0) is a Harris operator for some t0 > 0, then
lim
t→∞
T (t)x = 〈x′, x〉e (x ∈ E)
for some strictly positive x′ ∈ Fix(T ′) and a quasi-interior point e ∈ Fix(T ) of
E+.
Proof. By Lemma 2.2, Fix(T ) = span{e} for a quasi-interior point e of E+ and
there exists a strictly positive element x′ ∈ Fix(T ′). Hence, Theorem 3.1 implies
that σp(AC) ∩ iR = {0} and therefore
Fix(T (t)) = Fix(T ) = span{e} (t > 0)(4.1)
(see [11, Cor. IV 3.8]). Next, we prove that T := T (t0) is irreducible. Let J ⊆ E be
a T -invariant closed ideal and P : E → J the corresponding band projection. Then
TPe ∈ J and hence TPe = PTPe ≤ PTe = Pe. Since 〈x′, P e − TPe〉 = 0 and
x′ is strictly positive, it follows that Pe ∈ Fix(T ) = span{e} which implies that
J = {0} or J = E. Therefore, it follows from Theorem B.2 that there exist some
natural numbers n < m such that T n ∧ Tm > 0. Now, the assertion follows from
Proposition 4.1. 
In the discrete case, we obtain strong convergence of a subsequence (T nk)k∈N
for a fixed n ∈ N which is optimal in view of Example 3.3. If the operator is not
only irreducible but even strongly positive, the sequence (T k)k∈N itself converges
strongly to a projection of rank one.
Theorem 4.3. Let T : E → E be a positive, power bounded and irreducible Harris
operator with Fix(T ) 6= {0}. Then there exists n ∈ N such that T nk converges
strongly as k tends to infinity.
If T is even strongly positive, i.e. Tx is a quasi-interior point of E+ for all
x > 0, then limk→∞ T kx = 〈x′, x〉e for some strictly positive x′ ∈ Fix(T ′) and a
quasi-interior point e ∈ Fix(T ) of E+.
Proof. By Theorem B.2, there are natural numbers a < b such that T a ∧ T b > 0.
Let n := b− a. Now, we conclude as in the proof of Proposition 4.1 that
E = Fix(T n)⊕ (I − T n)E
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and limk→∞ T kx = 0 for all x ∈ (I − T n)E.
If T is strongly positive, then σp(TC) ∩ Γ ⊆ {1} by Remark 3.5 (b). There-
fore, Fix(T k) = Fix(T ) for all k ∈ N and the assertion follows immediately from
Proposition 4.1. 
Remark 4.4. It is natural to ask whether Theorem B.2 holds true for positive and
irreducible operators that merely dominate non-trivial compact operators, which
would allows us to generalize Theorem 4.2 and 4.3 accordingly.
This is not the case since there exists a positive, compact and irreducible operator
T on L2(Γ), the square-integrable functions on the unit circle endowed with the
Lebesgue measure, such that T n ∧ Tm = 0 for all n 6= m. In fact, based on a work
of Varopoulos [18], Arendt constructed a self-adjoint and compact Markov operator
T on L2(Γ) such that T n ∧ Tm = 0 whenever n 6= m [3, Ex. 3.7]. By Theorem 4.5
below, there exists a T -invariant band B in L2(Γ) such that the restriction of T to
B is irreducible and still compact. Since B is of the form {f ∈ L2(Γ) : f = 0 on A}
for some measurable A ⊆ Γ by [17, III §1 Ex.2] and Γ\A is not a nullset, B is in
turn isomorphic to L2(Γ) by [8, Cor. 6.6.7 and Thm. 9.2.2].
Theorem 4.5. Let T : E → E be a positive and compact operator. If there exist
a quasi-interior point e ∈ Fix(T ) of E+ and a strictly positive ϕ ∈ Fix(T ′), then
there are finitely many disjoint T -invariant bands B1, . . . , BN ⊆ E distinct from
{0} such that E = B1 ⊕ · · · ⊕ BN and the restriction of T to Bk is irreducible for
all k = 1, . . . , N .
Proof. We assume that there is no T -invariant band A ⊆ E except {0} such that
the restriction of T to A is irreducible. Then, in particular, T is not irreducible on
E and hence there is a T -invariant closed ideal A1 distinct from {0} and E. As the
norm on E is order continuous, every closed ideal is a projection band. Denote by
P1 : E → A1 the corresponding band projection. Since
TP1e = P1TP1e ≤ P1Te = P1e
and 〈P1e − TP1e, ϕ〉 = 0, the strict positivity of ϕ implies that TP1e = P1e. By
linearity, T (I−P1)e = (I−P1)e and thus (I−P1)E = A⊥1 is a non-trivial T -invariant
band, too. We may assume that 〈ϕ, e〉 = 1 and
〈P1e, ϕ〉 ≤ 1
2
〈e, ϕ〉;
otherwise we replace A1 with A
⊥
1 and P1 with I − P1.
By our assumption, T|A1 is not irreducible and hence we find a T -invariant band
A2 ⊆ A1 distinct from {0} and A1 with band projection P2 : E → A2 such that
〈P2e, ϕ〉 ≤ 1
2
〈P1e, ϕ〉.
Inductively, we obtain a decreasing sequence An+1 ⊆ An of T -invariant bands with
projections Pn : E → An satisfying
〈Pne, ϕ〉 ≤ 2−n〈e, ϕ〉 (n ∈ N).
Since ϕ is strictly positive and the norm on E is order continuous, this implies that
limPne = inf Pne = 0.
Now, consider the sequence xn := Pne/‖Pne‖. The compactness of T yields
that a subsequence of (Txn) = (xn) converges to some x with ‖x‖ = 1. On the
other hand, x ∈ An for every n ∈ N because xk ∈ An whenever k ≥ n. Thus,
e = lim(I − Pn)e ∈ {x}⊥ which implies that x = 0, a contradiction.
We proved the existence of a T -invariant band {0} 6= B1 ⊆ E such that T|B1 is
irreducible. If B1 6= E we may apply the same argument to the restriction of T to
B⊥1 to obtain a T -invariant band {0} 6= B2 ⊆ B⊥1 such that T|B2 is irreducible.
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Continue this construction inductively as long as B1⊕· · ·⊕Bn 6= E. Suppose that
this process does not terminate after finitely many steps, i.e. we obtain an infinite
sequence Bn of disjoint non-trivial bands such that T|Bn is irreducible. Denote by
Qn : E → Bn the corresponding band projections and let yn := Qne/‖Qne‖. Then
a subsequence of Tyn = yn converges to some y ∈ E with ‖y‖ = 1 since T is
compact. On the other hand, Qky = limn→∞Qkyn = 0 for every k ∈ N implies
that y ∈ B⊥k for all k ∈ N. This shows that every yk is contained in {y}⊥ and so
is y. Hence, y = 0 contradicting ‖y‖ = 1.
We conclude that the process of constructing B1, B2, . . . ends after finitely many
steps, which completes the proof. 
Appendix A. Greiner’s zero-two law
We present the proof of Greiner’s zero-two law from [13] in a reformulation for
Banach lattices with order continuous norm and without any continuity condition
on the semigroup.
Throughout, let T = (T (t))t∈R be a positive and bounded semigroup on E, a
Banach lattice with order continuous norm, and fix τ > 0.
Theorem A.1 (Greiner’s zero-two law). Assume that Fix(T ) contains a quasi-
interior point e of E+ and that there exists a strictly positive element in Fix(T
′).
Then
E2 := {y ∈ E : (T (t) ∧ T (t+ τ))|y| = 0 for all t ∈ R}
and E0 := E
⊥
2 are T -invariant bands. Moreover, if P denotes the band projection
onto E2, then
|T (t)− T (t+ τ)|Pe = 2Pe for all t ∈ R
and
lim
t→∞ |T (t)− T (t+ τ)|(I − P )e = 0.
To simplify notation, for t ∈ R we define the positive operators
S(t) := T (t) ∧ T (t+ τ) and D(t) := |T (t)− T (t+ τ)|
on E. It follows immediately that
S(t)x +
1
2
D(t)x = x(A.1)
for all x ∈ Fix(T ) and t ∈ R. Further properties of S(t) and D(t) are provided by
the following lemma.
Lemma A.2. Let x′ ∈ Fix(T ′) be strictly positive and τ ∈ R. Then the following
assertions hold.
(a) D(t)T (s) ≥ D(t + s) and T (s)D(t) ≥ D(t + s) for all t, s ∈ R. Moreover, if
x ∈ Fix(T ), then limt→∞D(t)x ∈ Fix(T ).
(b) S(t)T (s) ≤ S(t + s) and T (s)S(t) ≤ S(t + s) for all t, s ∈ R. Moreover, if
x ∈ Fix(T ), then limt→∞ S(t)x ∈ Fix(T ).
(c) If limt→∞ S(t)x > 0 for all 0 < x ∈ Fix(T ), then limt→∞ S(t)mx > 0 for all
m ∈ N and x ∈ Fix(T ), x > 0.
Proof. (a) For all t, s ∈ R one observes that
D(t)T (s) = |T (t)− T (t+ τ)| · |T (s)| ≥ |(T (t)− T (t+ τ))T (s)| = D(t+ s)
and similarly that T (s)D(t) ≥ D(t+ s). Let x ∈ Fix(T ), x ≥ 0. Then
D(t)x = D(t)T (s)x ≥ D(t+ s)x
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for all t, s ∈ R. Hence, by the order continuity of the norm, y := limD(t)x exists
in E and
T (s)y = lim
t→∞
T (s)D(t)x ≥ lim
t→∞
D(t+ s)x = y ≥ 0.
Finally, we conclude from 〈x′, T (s)y− y〉 = 0 that y ∈ Fix(T ) because x′ is strictly
positive.
(b) For all t, s ∈ R one observes that
S(t)T (s) =
1
2
(T (t+ s) + T (t+ τ + s)−D(t)T (s))
≤ 1
2
(T (t+ s) + T (t+ τ + s)−D(t+ s)) = S(t+ s)
and similarly that T (s)S(t) ≤ S(t + s). Hence, S(t)x is increasing for all positive
x ∈ Fix(T ). Since 0 ≤ S(t) ≤ 12 (T (t) + T (t+ τ)), we conclude as in the proof of
part (a) that limS(t)x exists in Fix(T ) for all x ∈ Fix(T ).
(c) Let x ∈ Fix(T ), x > 0, and define recursively xk := limt→∞ S(t)xk−1 for all
k ∈ N where x0 := x. Then xk ∈ Fix(T ) by part (b) and xk > 0 by assumption.
It follows by induction that
S(t)mx− xm =
m∑
j=1
S(t)m−j(S(t)xj−1 − xj)
for all m ∈ N and t ∈ R. As ‖S(t)‖ ≤ supt∈R ‖T (t)‖, we conclude that
lim
t→∞
S(t)mx = xm > 0
for all m ∈ N. 
The key for the proof of the zero-two law is the following combinatorial lemma.
Lemma A.3. For every m ∈ N
2−m
( m∑
j=1
∣∣∣∣
(
m
j
)
−
(
m
j − 1
)∣∣∣∣+ 2
)
≤ 2√
m
.
Proof. For k ∈ N and m = 2k − 1 we have
m∑
j=1
∣∣∣∣
(
m
j
)
−
(
m
j − 1
)∣∣∣∣+ 2 = 2
k−1∑
j=1
((
m
j
)
−
(
m
j − 1
))
+ 2
= 2
(
m
k − 1
)
=
(
2k
k
)
=
k∑
j=1
((
m+ 1
j
)
−
(
m+ 1
j − 1
))
+ 1
=
1
2
m+1∑
j=1
∣∣∣∣
(
m+ 1
j
)
−
(
m+ 1
j − 1
)∣∣∣∣+ 1.
It follows from Stirling’s formula that the central binomial coefficient can be esti-
mated by (
2k
k
)
≤ 2
2k
√
2k
(k ∈ N).
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Thus, we obtain that
2−m
( m∑
j=1
∣∣∣∣
(
m
j
)
−
(
m
j − 1
)∣∣∣∣+ 2
)
= 2−(m+1)
(m+1∑
j=1
∣∣∣∣
(
m+ 1
j
)
−
(
m+ 1
j − 1
)∣∣∣∣+ 2
)
= 2−m
(
2k
k
)
≤ 2√
m+ 1
≤ 2√
m
,
which completes the proof. 
Proof of Theorem A.1. By Lemma A.2 (b), we have
S(t)|T (s)y| ≤ S(t)T (s)|y| ≤ S(t+ s)|y| = 0
for all y ∈ E2 and t, s ∈ R, which shows that E2 is T -invariant. Let x′ ∈ Fix(T ′)
be strictly positive. Since
0 ≤ T (t)Pe = PT (t)Pe ≤ PT (t)e = Pe
and 〈x′, P e − T (t)Pe〉 = 0 for all t ∈ R, it follows that Pe ∈ Fix(T ). Define
e0 := (I−P )e ∈ E0 and e2 := Pe ∈ E2. As e0 = e−e2 ∈ Fix(T ), we conclude that
E0, which equals the closure of the principle ideal generated by e0, is T -invariant.
It follows immediately from (A.1) that D(t)e2 = 2e2 for all t ∈ R. Hence, it
remains to show that limD(t)e0 = 0. For simplicity, we omit the index 0 and write
E = E0, e = e0, T (t) = T (t)|E0 and so on. Now, limS(t)y > 0 for all y ∈ Fix(T ),
y > 0, by Lemma A.2 (b) and the definition of E0.
Assume that h := limD(t)e > 0. As h ≤ 2e, there exists m ∈ N such that
k :=
(
h− 2√
m
e
)+
> 0.
Moreover, k ∈ Fix(T ) since the fixed space is a sublattice. Indeed, if y ∈ Fix(T ),
it follows from T (t)|y| ≥ |T (t)y| = |y| and 〈x′, T (t)|y| − |y|〉 = 0 for all t ∈ R
that |y| ∈ Fix(T ) because x′ is strictly positive. Now, Lemma A.2 (c) yields that
S(t0)
mk > 0 for some t0 ∈ R. Let t1 := m(t0 + τ) and define the operator
U := T (t1)− 2−mS(t0)m
(
I + T (τ)
)m
.(A.2)
It follows from S(t0)(I + T (τ)) ≤ T (t0 + τ) + T (t0)T (τ) = 2T (t0 + τ) that U is
positive. Moreover,
T (nt1) = U
n +Rn2
−m
(
I + T (τ)
)m
(A.3)
for all n ∈ N where R1 := S(t0)m and Rn+1 := UnR1 + RnT (t1). We infer from
e = Une+Rne that 0 ≤ Rne ≤ e and 0 ≤ Une ≤ e for all n ∈ N. Now, by Lemma
A.2 (a) and Lemma A.3, we obtain that
h ≤ D(nt1)e = |T (nt1)(I − T (τ))|e
≤ 2Une+Rn2−m
∣∣∣∣
m∑
j=0
(
m
j
)
T j(τ)(I − T (τ))
∣∣∣∣e
= 2Une+Rn2
−m
∣∣∣∣
m∑
j=0
(
m
j
)
T j(τ)−
m+1∑
j=1
(
m
j − 1
)
T j(τ)
∣∣∣∣e
= 2Une+Rn2
−m
(
2e+
m∑
j=1
∣∣∣∣
(
m
j
)
−
(
m
j − 1
)∣∣∣∣e
)
≤ 2Une+Rn 2√
m
e ≤ 2Une+ 2√
m
e
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for every n ∈ N. Let y := limn→∞ Une ≥ 0. Then h ≤ 2y + 2√me and hence
0 < k =
(
h− 2√
m
e
)+
≤ 2y.
Since y is a fixed point of U , equation (A.3) yields that T (nt1)y ≥ y ≥ 0 and we
conclude from 〈x′, T (nt1)y−y〉 = 0 that T (nt1)y = y for every n ∈ N. By equation
(A.2) we have
0 = S(t0)
m
(
I + T (τ)
)m
y ≥ S(t0)my ≥ 0.
Therefore, 0 < S(t0)
mk ≤ 2S(t0)my = 0 which contradicts the preceded observation
that S(t0)
mk > 0. Hence, h = limD(t)e = 0. 
Appendix B. Axmann’s theorem
We give a proof Axmann’s theorem from [7, Satz 3.5] stating that not all powers
of an irreducible Harris operator can be disjoint. A proof of this for E = Lp can
be found in [4, Sec. 6].
We start with a version for L-spaces and reduce the general case to it in what
follows. Let us recall that a Banach lattice E is said to be a L-space if
‖x+ y‖= ‖x‖+ ‖y‖
holds for all x, y ∈ E+.
Proposition B.1. Let T be a positive and irreducible operator on a L-space E
such that T 6∈ (E′ ⊗ E)⊥. Then there is n ∈ N, n ≥ 2, such that T ∧ T n > 0.
Proof. Aiming for a contradiction, we assume that T ∧ T n = 0 for all n ≥ 2. Since
E is a L-space, we may identify E′ with C(K) for some compact space K by
Kakutani’s theorem [16, Thm. 2.1.3]. For n,m ∈ N, n ≥ 2, define
An := {T ′h+ T ′n(1− h) : h ∈ C(K), 0 ≤ h ≤ 1} ⊆ C(K)
and
On,m := {t ∈ K : h(t) < 1/m for some h ∈ An}.
It follows from our assumption and Synnatschke’s theorem [16, Prop. 1.4.17] that
inf An = (T
′ ∧ T ′n)1 = (T ∧ T n)′1 = 0
for all n ≥ 2. Now, we show that each of the open sets On,m is dense in K.
Assume the opposite. Then there exists a non-empty open set U ⊆ K\On,m for
some n,m ∈ N. By Urysohn’s theorem, we can construct a continuous function
g : K → [0, 1
m
] vanishing on On,m such that g(t0) =
1
m
for some t0 ∈ U . Hence,
g > 0 is a lower bound of An, which is impossible. Therefore, every On,m and, by
Baire’s theorem, also G := ∩n,mOn,m is dense in K. Note that for all t ∈ G and
n ≥ 2 one has that
〈T ′′δt ∧ T ′′nδt,1〉 = inf{h(t) : h ∈ An} = 0
and consequently T ′′δt ∧ T ′′nδt = 0.
By assumption, there are x ∈ E+ and y′ ∈ E′+ such that T is not disjoint from
R = y′ ⊗ x. Then R′ = x ⊗ y′ corresponds to a rank-one operator µ ⊗ g on C(K)
for some µ ∈ C(K)′+ and g ∈ C(K)+. Since R′ ∧ T ′ ≥ (R ∧ T )′ > 0 there exists
some e ∈ C(K)+, such that ̺ := (R′ ∧ T ′)e > 0. For all 0 ≤ h ≤ e and t ∈ K it
follows from
̺ = (R′ ∧ T ′)h+ (R′ ∧ T ′)(e− h) ≤ R′h+ T ′(e− h)
that
̺(t) ≤ 〈R′h, δt〉+ 〈e− h, T ′′δt〉 = g(t)〈µ, h〉+ 〈e− h, T ′′δt〉.
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Taking the infimum over all 0 ≤ h ≤ e yields that ̺(t) ≤ (g(t)µ ∧ T ′′δt)e for all
t ∈ K. Now, fix t ∈ {s ∈ K : ̺(s) > 0} ∩ G which exists since G is dense in K.
Then ν := g(t)µ ∧ T ′′δt > 0 because ̺(t) > 0. As ν is dominated by g(t)µ and µ
corresponds to x ∈ E, ν itself corresponds to a vector v ∈ E, v > 0, since E is an
ideal in E′′. This vector v satisfies
v ∧ T nv ≤ T ′′δt ∧ T ′′n+1δt = 0
for all n ∈ N because t ∈ G.
Finally, we consider w := Tv. If w = 0, then the closed ideal Ev is T -invariant
and non-trivial since T 6= 0. If w > 0, then the closure of the T -invariant ideal
J := {z ∈ E : |z| ≤ c(w + Tw + · · ·+ T kw) for some c > 0 and m ∈ N}
is non-trivial because w ∈ J and v ∈ J⊥. In both cases, T cannot be irreducible.
Thus, we conclude that T ∧ T n > 0 for some n ≥ 2. 
Theorem B.2. Let T be a positive and irreducible operator on E, a Banach lattice
with order continuous norm, such that T 6∈ (E′⊗E)⊥. Then there is n ∈ N, n ≥ 2,
such that T ∧ T n > 0.
Proof. Fix λ > ‖T ‖ and y′ ∈ E′+, y′ 6= 0. Then z′ := (λ − T ′)−1y′ satisfies
λz′ − T ′z′ = y′ and hence T ′z′ ≤ λz′. This implies that the closed ideal {x ∈ E :
〈|x|, z′〉 = 0} is T -invariant and thus equal to {0}. Therefore, ‖x‖z′ := 〈z′, |x|〉
defines an order continuous lattice norm on E. Let (F, ‖·‖F ) be the completion
of (E, ‖·‖z′), i.e. the closure of E in (E, ‖·‖z′)′′. Then F is an L-space and, since
‖Tx‖F ≤ λ‖T ‖F for all x ∈ E, T uniquely extends to a positive operator T˜ on F .
Now, it follows as in the proof of Proposition 3.2 that T˜ is irreducible and
T˜ 6∈ (F ′ ⊗ F )⊥.
Since the norm on E is order continuous, so is z′ and hence E is an ideal in F
by [17, Lem. IV 9.3]. Thus, for x ∈ E+ and n ∈ N we observe that
(T˜ ∧ T˜ n)x = inf
F
{T˜ (x− y) + T˜ ny : y ∈ F, 0 ≤ y ≤ x}
= inf
E
{T (x− y) + T ny : y ∈ E, 0 ≤ y ≤ x}
= (T ∧ T n)x.
As E+ is dense in F+, this shows that T˜ ∧ T˜ n = 0 if and only if T ∧ T n = 0. Thus,
the assertion follows from Proposition B.1. 
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